The main ingredient of the algebraic cobordism Ω * (X) of M. Levine and F. Morel is a cobordism cycle of the form (M h − → X; L 1 , · · · , Lr) with h : M → X a proper map from an irreducible smooth variety M and L i 's line bundles over M . In this paper we consider a cobordism bicycle of a finte set of line bundles (X p ← − V s − → Y ; L 1 , · · · , Lr) with a proper map p : V → X and a smooth map s : V → Y and L i 's line bundles over V . We will show that the free abelian group Z * (X,
INTRODUCTION
In our previous paper [13] we have introduced the notion of cobordism bicycles of vector budles, motivated by the works [1] , [7] , [9] and [11, 12] . A cobordism bicycle of a vector bundle is a correspondence (X p ← − V s − → Y ; E) equipped with a vector bundle E over the source E, where p : V → X is a proper map and s : V → Y is a smooth map. In [13] we discuss some relationship of cobordims bicylces of vector bundles and characteristic classes of singular varieties.
In this paper, furthermore, by replacing one vector bundle E by a finite set of line bundles, we consider a cobordism bicyle of a finite set of line bundles, which is (X p ← − V s − → Y ; L 1 , · · · , L r ) where L i 's are line bundle over V , as a naive "cobordim bicylce" analogue of a cobordism cycle. The cobordim cycle is a key ingredient in Levine-Morel's algebraic cobordism. See also Gonzaléz-Karu's papera [5, 6] and Levine-Pandharipande's paper [8] . A cobodism cycle is (V p − → X; L 1 , · · · , L r ), where p : V → X is a proper map from an irreducgtible smooth variety and L i 's are line bundles over V .
We show that for a pair (X, Y ) the free ableian group Z * (X, Y ) of cobordism bicycles of finte sets of line bundles becomes a bi-variant theory satisfying the following (similar to those of Fulton-MacPherson's bivariant theory):
(1) it is equipped with the following three operations (a) (product) • : (3) Z has units, i.e., there is an element 1 X ∈ Z 0 (X, X) such that 1 X • α = α for any element α ∈ Z (X, Y ) and β • 1 X = β for any element β ∈ Z (Y, X). (4) Z satisfies PPPU (Pushforwar-Product Property for units) and PPU (Pullback Property for units). (5) Z is equipped with the Chern class operators.
Let B, B ′ be two bi-variant theories on a category V . A Grothendieck transformation γ : B → B ′ is a collection of homomorphisms B(X, Y ) → B ′ (X, Y ) for a pair (X, Y ) in the category V , which preserves the above three basic operations and the Chern class operator:
γ(g * α) = g * γ(α), and (4) γ( c 1 (L)(α)) = c 1 (L)γ(α).
We show that the above Z * (−, −) is the universal one among bi-variant theories in the sense that given any bi-variant theory B * (−, −), there exists a unique Grothendieck transformation
such that for any variety V , γ B (1 1 V ) = 1 V ∈ B(V, V ).
FULTON-MACPHERSON'S BIVARIANT THEORY
We make a quick review of Fulton-MacPherson's bivariant theory [4] (also see [3] ) (cf.a universal bivariant theory [11, 12] ).
Let V be a category which has a final object pt and on which the fiber product or fiber square is well-defined. Also we consider a class of maps, called "confined maps" (e.g., proper maps, projective maps, in algebraic geometry), which are closed under composition and base change and contain all the identity maps, and a class of fiber squares, called "independent squares" (or "confined squares", e.g., "Torindependent" in algebraic geometry, a fiber square with some extra conditions required on morphisms of the square), which satisfy the following:
(i) if the two inside squares in Remark 3.2. The above correspondence X p ← − V s − → Y shall be called a proper-smooth correspomndence, abusing words. Mimicking namings used in [1] , [7] and [9] , the above proper-smooth correspondence equipped with a vector bundle is named "cobordism bicycle of a vector bundle.
be two cobordism bicycles of vector bundles of the same rank. If there exists an isomorphism h :
as correspondences, i.e., the following diagrams commute:
then they are called isomorphic and denoted by
The isomorphism class of a cobordism bicycle of a vector bundle (X
, which is still called a cobordism bicycle of a vector bundle. For a fixed rank r for vector bundles, the set of isomorphism classes of cobordism bicycles of vector bundles for a pair (X, Y ) becomes a commutative monoid by the disjoint sum: 
means that n = dim s and r = rank E. The group completion of this monoid, i.e., the Grothendieck group, is denoted by M n,r (X, Y ) + . We use this notation, mimicking [7] .
Remark 3.5. When Y = pt a point, M n,r (X, pt) + is nothing but M n,r (X) + considered in Lee-Pandharipande [9] . In this sense, when X = pt a point, M n,r (pt, Y ) + is a new object to be investigated.
Definition 3.6 (product of cobordism bicycles). For three varieties X, Y, Z, we define the following two kinds of product • ⊕ and • ⊗ :
(1) (by the Whitney sum ⊕)
(2) (by the tensor product ⊗)
Here we consider the following commutative diagram Remark 3.9. We consider the above product • ⊕ for Y = Z = pt a point, since M n,r (X, pt) + = M n,r (X) + and M n,r (pt, pt) + = M n,r (pt) + , we have
which is rewritten as follows, by the notations used in [9] ,
Now we define pushforward and pullback of cobordism cylces of vector bundles:
Definition 3.11.
(1) (Pushforward) (a) For a proper map f : X → X ′ , the (proper) pushforward (with respect to the first factor)
(b) For a smooth map g : Y → Y ′ , the (smooth) pushforward (with respect to the second factor)
(Note that m = dim s and dim(g • s) = dim s + dim g = m + dim g.) (2) (Pullback) (a) For a smooth map f : X ′ → X, the (smooth) pullback (with respect to the first factor)
Here we consider the following commutative diagram:
(Note that the right diamond is a fiber square, thus
Remark 3.12.
(1) We emphasize that as to pushforward, proper pushforward is concerned with the first factor and smooth pushforward is concerned with the second factor, but as to pullback, the involving factors are exchanged. (2) We remark that when we deal with a smooth map f or g, both in pushforward and pullback, the first grading is added by the relative dimension dim f or dim g, but that when we deal with proper maps, the first grading is not changed. In both pushforward and pullback, the second grading (referreing to the dimension of vector bundle) is not changed.
Proposition 3.13. The above three operations of product (• ⊕ and • ⊗ ), pushforward and pullback satisfy the following properties. (A 1 ) Product is associative: For three varieties X, Y, Z, W we have
(b) (smooth pushforward and smooth pullback commute) For smooth morphisms f :
i.e., the following diagram commutes:
(c) (proper pushforward and smooth pullback "commute" in the following sense) For the following fiber square
(Note that dim g = dim g.) (d) (smooth pushforward and proper pullback "commute" in the following sense) For the following fiber square
with f proper and g smooth, we have
(Note that dim g = dim g.) (A 123 ) "Projection formula":
i.e., as to the product • ⊕ , the following diagram commutes:
Proof. It is straightforward. For the sake of readers' convenience. we give proofs to (c) and (d) of A 23 and the "projection formula" with respect to the product
and consider the following commutative diagrams:
Hence we have that g * f * = f * g * .
Hence we have that f * g * = g * f * .
(a) For the first projection formula, we consider the following commutative diagram.
(b) For the second projection formula, we consider the following commutative diagram:
TOWARDS A CONSTRUCTION OF BI-VARIANT ALGEBRAIC COBORDISMS OF VECTOR BUNDLE
In [7] Levine and Pandharipande gave an alternative construction of Levine-Morel's algebraic cobordism Ω * (X) via double point degeneration.
Let Y be a smooth variety. A morphism π : Y → P 1 is called a double point degeneration at 0 ∈ P 1 if π −1 (0) can be written as
which is a union of smooth divisors A and B intersecting transversely along D = A∩B. The intersection D is called the double point locus of the degeneration. The normal bundle N D A is a line bundle over D and the projective completion
Since they are isomorphic, we denote this P 1 -bundle by δ : P(π) → D, called the degeneration bundle.
Let Y be a smooth variety of dimension n+1 and let g : Y → X ×P 1 be a double point cobordism and let p 1 : 
is called the double point relation associated to the double point cobordism g : Y → X × P 1 .
In [8] Levine and Pandharipande proved the following theorem and in [6] Gonzaléz and Karu removed the projectivity in the conditions. 
where E is a vector bundle of rank r over Y . Then Lee-Pandharipande's algebraic cobordism is ω * ,r (X) := M * ,r (X) + /R n,r (X). Note that ω * (X) = ω * ,0 (X). Now we consider the following definition. (1) Let V y := s −1 (y) be the smooth fiber of s : V → Y for each y. The restricted morphism g| Vy : V y → X × P 1 is a double point cobordism.
Note that when Y is a point, a family of double point cobordism with respect to the smooth morphism is nothing but the original double point cobordism.
Definition 4.5. Let the situation be as above. Then the following element in M n,r (X,
is called the Y -parameterized double point relation associated to a family of double point cobordism
This is called a bi-variant algebraic cobordism of vector bundles of a pair (X, Y ).
Remark 4.7. By the definition of ω * , * (X, Y ), when Y = pt we see that ω * , * (X, pt) is equal to Lee-Pandharipande's algebraic cobordism of bundles ω * , * (X). In [9, §0.8] they define the following map (which turns out to be isomorphic [9, Theorem 3])
In fact this map is nothing but our product • ⊕ at least at the level of M * , * :
• ⊕ : M * ,0 (X, pt) × M * ,r (pt, pt) → M * ,r (X, pt).
Note that M * ,0 (X, pt) = M * ,0 (X) and M * ,r (pt, pt) = M * ,r (pt) and M * ,r (X, pt) = M * ,r (X). Using our notation, we have
Indeed for this product we consider the following diagram:
is a trivial bundle. Therefore we can see that
We will discuss to what extent this ω * , * (X, Y ) satisfies properties of M * , * (X, Y ) in a different paper.
COBORDISM BICYLCES OF FINITE TUPLES OF LINE BUNDLES
Here we consider a "bi-variant" analogue of Levine-Morel's construction of algebraic cobordism Ω * (X) [7] via cobordism bicycles of finite tuples of line bundles.
In [7] Levine and Morel consider what they call a cobordism cycle
which is the isomorphism class of (M 
and (2) there exists a bijection σ : {1, 2, · · · , r} ∼ = {1, 2, · · · , r} such that L i ∼ = h * L σ(i) .
So, here we consider a "bicycle" version of this cobordism cycle. Namely we consider the isomorphism class of a cobordism bicycle of a finite tuple of line bundles, instead of one vector bundle.
are called isomorphic if the following conditions hold:
There exists a bijection σ : {1, 2, · · · , r} ∼ = {1, 2, · · · , r} such that L i ∼ = h * L σ(i) .
The isomorphism class of (X
p ← − V s − → Y ; L 1 , · · · , L r ) is
called simply a cobordism bicycle (instead of a cobordism bicycle of line bundles) and denoted by [X
It is clear that when Y = pt is a point the cobordism bicycle [X p ← − V s − → pt; L 1 , · · · , L r ] is the same as the cobordism cycle [V p − → X; L 1 , · · · , L r ].
to be the free abelian group generated by the set of isomorphism classes of cobordism bicycle
Remark 5.3. Such a grading is due to the requirement that for Y = pt we want to have Z i (X, pt) = Z −i (X). Here we note that V is smooth, since s : V → pt is smooth. According to the definition ([7, Definition 2.1.6]) of grading of Levine-Morel's algebraic pre-cobordism Z * (X), the degree (or dimen-
The following definitions are similar to those in the case of cobordism bicycles of vector bundles, but we write down them for the sake of convenience.
Definition 5.4.
(1) (Product of cobordism bicycles) We define the product of cobordism bicycles as follows:
•
For a proper map f : X → X ′ , the (proper) pushforward (with respect to the first factor) f * :
(b) For a smooth map g : Y → Y ′ , the (smooth) pushforward (with respect to the second factor) g * :
(3) (Pullback of cobordism bicycles) (a) For a smooth map f : X ′ → X, the (smooth) pullback (with respect to the first factor) f * :
Remark 5.5. As in the case of cobordism bicycles of vector bundles, the involvement of factors are exchanged in pushforward and pullback for proper morphisms and smooth morphisms, and also, in both pushforward and pullback, as long as smooth morphisms are involved, the grading is added by the relative dimension of the smooth morphism.
Remark 5.6. In the case of cobordim bicycles of vector bundles, we have two kind of products by Whitney sum and tensor product. However, in the present case of cobordims bicylcs, the product is a kind of "Whitney sum", or a "mock" Whitney sum, i.e., the sum of two finite sets of line bundles.
Clearly we have the following proposition, as in the case of cobordism bicycles of vector bundles in §4.
Proposition 5.7. The above three operations satisfy the following properties.
(A 2 )' Proper pushforward and smooth pushforward commute: For a proper map f : X → X ′ and a smooth map g : Y → Y ′ we have
i.e, the following diagram commutes:
(A 3 )' Proper pullback and smooth pullback commute: For a smooth map g : X ′ → X and a proper map f :
i.e, the following diagram commutes: i.e, the following diagram commutes:
(A 12 ) Product and pushforward commute:
i.e., (for the sake of clarity we write down) the following diagram commutes:
(A 13 ) Product and pullback commute:
(a) For a smooth morphism f :
(A 23 ) Pushforward and pullback commute:
proper pushforward and proper pullback commute) For proper morphisms
(b) (smooth pushforward and smooth pullback commute)For smooth morphisms f :
(a) For a smooth morphism g : Y → Y ′ and α ∈ Z i (X, Y ) and β ∈ Z j (Y ′ , Z),
the following diagram commutes:
(3) (compatibility with product) (cf. Convention 5.12 below): Let L be a line bundle over X and N be a line bundle over Z. For α ∈ Z i (X, Y ) and β ∈ Z j (Y, Z), we have
(4) (compatibility with pushforward) (cf. Convention 5.13 below) : For a proper map f : X → X ′ and a line bundle L over X ′ and for a smooth map g :
. 
.
Convention 5.13. For a proper map f : X → X ′ and a line bundle L over X and for a smooth map g : Y → Y ′ and a line bundle M over Y we define that for α ∈ Z i (X, Y )
As to the compatibility with pullback, we observe the following fact concerning the unit:
Proposition 5.14 (Pullback Property for Unit (abbr. PPU)). For a smooth map f : X ′ → X and a line bundle L over X and for a proper map g : Y ′ → Y and a line bundle M over Y we have that for
Proof. We prove only the first equality, i.e., the case of smooth maps, since the second equality can be proved in the same way. Since
, it follows from the definition of the smooth pullback f * 1 1 X (see Definition 5.4) that we have f * 1 1
On the other hand, since f * L is a line bundle over X ′ , clearly we have
Thus we obtain c 1 (f * L)(f * 1 1 X ) = c 1 (L)(f * 1 1 X ).
Remark 5.15. By the definition we have
and furthermore by Convention 5.13 we have
Definition 5.16 (Bi-variant theory). An association B assigning to a pair (X, Y ) a graded abelian group B * (X, Y ) is called a bi-variant theory provided that (1) it is equipped with the following three operations (a) (product) • : in the category V , which preserves the above three basic operations and the Chern class operator: 
Proof. Let B be a bi-variant theory. Then, using the observation made in Remark 5.15, we define
From now on, we just simply write γ instead of γ B . We want to show that this transformation satisfies the above four properties:
Then by the definition we have
Hence it follows from (5.19) that we have
Then by applying the property (4) of Lemma 5.11 successively with respect to line bundles L 1 , L 2 , · · · , L r we get
Therefore the above equalities continue as follows:
By applying the property (4) of Lemma 5.11 successively with respect to line bundles M 1 , M 2 , · · · , M k , the above equalities continue as follows:
By applying the property (3) of Lemma 5.11 successively with respect to both line bundles L 1 , L 2 , · · · , L r and M 1 , M 2 , · · · , M k , the above equalities continue as follows:
Hence we have γ(α • β) = γ(α) • B γ(β).
(2) γ(f * α) = f * γ(α): Let α = [X By applying the property (4) of Lemma 5.11 successively with respect to line bundles L 1 , L 2 , · · · , L r , the above equalities continue as follows:
By applying the property (PPU) and the property (5) of lemma 5.11 successively with respect to line bundles L 1 , L 2 , · · · , L r , the above equalities continue as follows:
Hence we have that γ(f * α) = f * γ(α) for a smooth map f : X ′ → X.
Similarly we can prove the case when f : Y ′ → Y is a proper map. For the sake of the reader's convenience, we write down the proof. Let f : Y ′ → Y be a proper map and consider the following diagram:
By applying the property (4) of Lemma 5.11 successively with respect to line bundles L 1 , L 2 , · · · , L r , the above equalities continue as follows: By applying the property (PPU) and the property (5) of lemma 5.11 successively with respect to line bundles L 1 , L 2 , · · · , L r , the above equalities continue as follows:
Hence we have that γ(f * α) = f * γ(α) for a proper map f : Y ′ → Y . The uniqueness of the Grothendieck transformation γ : Z → B follows from the compatibility of pushforward and the Chern class operator and the requirement that the unit is mapped to the unit. Indeed, let γ ′ : Z → B be a such a Grothendieck transformaion. Then we have
For the sake of convenience, we list the properties for Z * (X, Y) with Y fixed and Z * (X, Y ) with X fixed. Note that to emphasize the target Y or the source X being fixed we denote them in bold, Y and X, respectively.
